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This work studies the hydrodynamics of self-gravitating compressible isothermal fluids. We show
that the hydrodynamic evolution equations in absence of viscosity are scale covariant. We study the
evolution of the time dependent fluctuations around singular and regular isothermal spheres. We
linearize the fluid equations around such stationary solutions and apply Laplace transform to solve
them. We nd that the system is stable below a critical size (X  9.0 in dimensionless variables)
and unstable above; this size is the same critical size found in the study of the thermodynamical
stability in the canonical ensemble and associated to a center-to-border density ratio of 32.1. We
prove that the value of this critical size is independent of the Reynolds number of the system.
Furthermore, we give a detailed description of the series of successive dynamical instabilities that
appear at higher and higher sizes following the geometric progression Xn  10.7n. We turn then
to study exact solutions of the hydrodynamic equations without viscosity and we provide analytic
and numerical axisymmetric soliton-type solutions. The stability of exact solutions corresponding
to a collapsing lament is studied by computing linear fluctuations. Radial fluctuations growing
faster than the background are found for all sizes of the system. However, a critical size (X  4.5)
appears, separating a weakly from a strongly unstable regime.
I. INTRODUCTION AND RESULTS
Understanding the dynamics of self-gravitating fluids is a fundamental issue in astrophysics. The fractal structure of
the interstellar medium as well as the formation and evolution of cosmological structures are based on it. Compressible
self-gravitating fluid mechanics plays a key role in both star formation and in the formation of a fractal structure for
the interstellar medium [1].
Self-gravitating systems can be studied at dierent levels. The rst is purely thermodynamical. It leads to the
description of their states of equilibrium and the study of their stability. This approach has been followed in the case
of the isothermal sphere conguration [2{6] leading to the description of the gravothermal instability. This behaviour
appears when the size of the sphere goes above a critical size, or for a given size when its temperature goes below a
critical temperature. An instability develops and the system collapses to a dense core. In refs. [9{12] the statistical
mechanics of the self-gravitating gas has been investigated with analytic (saddle point on the functional integral) as
well as Monte Carlo methods. In addition to the thermodynamics, this approach provides the exact equation of state
of the self-gravitating gas [12].
The dynamics can be studied from the hydrodynamical equations of a self-gravitating fluid. This is a set of nonlinear
partial dierential equations and exact solutions can only be found under simplifying hypotheses. For example, the
case of one space dimension has been studied in ref. [13] and the cylindrically symmetric case in ref. [14].
The last approach is numerical, it has been widely followed [8].
In this paper we study the hydrodynamics of a self-gravitating fluid. We show that the hydrodynamical evolution
equations for a self-gravitating fluid are covariant under scale transformations in absence of viscosity. That is, if
we scale the space and time variables by a constant factor on a solution of the fluid equations, we get again a solution
of the equations.
We consider the Navier-Stokes equations for an isothermal self-gravitating fluid and restrict our study to potential
flows. Within these hypothesis we show that a Reynolds number appears as the only parameter that breaks the scale
covariance in the Navier-Stokes equations. Moreover we nd that a characteristic density enters the Reynolds number
denition, implying that a system with no characteristic density has no characteristic Reynolds number; the flow is
then scale covariant.
In section III we present a general Laplace transform method for the linear dynamical stability analysis of stationary
solutions of the equations.
In order to apply this analysis to isothermal spheres, we rst specify the initial data and the boundary conditions.
In section IV, using the Laplace transform, we derive the analytical form of the fluctuations in the case of a singular
isothermal sphere background. Then, we show that the boundary conditions build a discret spectrum of proper
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modes for the system. The stability of these modes is decided by the complex value of their pulsations in the Laplace
transform plane. We then apply a general numerical method based on nite dierences to both the singular and the
regular isothermal sphere cases and compute the pulsations as functions of the size of the system. We show that in
both the singular and the regular cases the dynamical stability depends on the size of the system. Under a critical
size Xc1 the system is stable, while above it becomes unstable. In dimensionless variables this size is Xc1  10:7 
in the singular case ( is the short distance cuto necessary in this case) and Xc1  9:0 in the regular case. This
critical size is the same as the one found in thermodynamical studies in the canonical ensemble (we used boundary
conditions connected to the canonical ensemble). It is often expressed as a critical center-to-border density contrast
whose value is 32:1 for the regular isothermal sphere. However, we also show how secondary instabilities Xc2 ; : : : ; Xcn
appear at larger sizes. These sizes follow the geometric progession 10:7n (n = 1; 2; : : :) in the singular case and do so
asymptotically (n  1) in the regular case. The density and velocity proles of the two rst instabilities are given.
Figs. 1-3 show these proles and the spectrum of modes for the regular and singular spheres.
In section V we include the viscosity in the fluid equations. Then, we study the influence of the Reynolds number
on the stability criterion. The result is that the critical sizes at which the instable modes appear are independent
of the Reynolds number. The complex evolution of the pulsations of the modes as functions of both the system size
and the Reynolds number is plotted in gs. 4-6.
In section VI we turn to more complex background solutions. We look for axisymmetric soliton-type solutions. We
dene a soliton variable:
y =
 r
1  cs t ; (1.1)
where  is an inverse characteristic length (−1 is the Jeans’ length), cs the sound speed, r the polar radius and t the
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: (1.2)
This solution describes an expanding or collapsing lament depending on the choice for . Other background solutions
are described. Then, explicit radial fluctuations around the solution (1.2) are computed and their stability is analyzed
with the same method as for the isothermal spheres. Some of the modes appear to grow faster than the background
whatever the size of the system. A specic size, Xc1  4:5 , marks the appearence of faster growing fluctuations at
larger sizes. However, these are only radial fluctuations invariant along the axis of the symetry; this means that they
have an innite mass for all radial sizes of the system. Limitating the size of the system along the symetry axis should
provide a stable behaviour for small enough sizes.
In section VII we give our conclusions and nal remarks.
II. THE NAVIER-STOKES EQUATION FOR SELF-GRAVITATING FLUIDS
The evolution of a self-gravitating, isothermal fluid is described by a density eld, (r; t), a pressure eld P (r; t), a
gravitational potential U(r; t) and a velocity eld v(r; t). These four elds obey four equations: the matter conserva-
tion, the Navier-Stokes equation, the Poisson equation and the equation of state [7], respectively given by
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+r  (v) = 0; (2.1)
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Here  and  stand for the kinematical viscosity and cs is the speed of sound. From now on we restrict ourselves to
potential flows, which implies the existence of a velocity potential  . In order to work with dimensionless variables






where 0 is a characteristic density of the system.
We then introduce dimensionless variables and elds :







rx (x; ) : (2.6)
Here, rx is the derivative with respect to the dimensionless coordinate x. We can take advantage of the potential
nature of the velocity eld to simplify the dissipation term in the Navier-Stokes equation. Taking the divergence of
the Navier-Stokes equation and eliminating the equation of state and the Poisson equation, the evolution equations
can be written as
@r2 + (@i;k )2 + @k @kr2 = −r2− e + 1
Re
r  e−r(r2 ) ; (2.7)












Sumation over repeated indices is implied. Moreover we used the notation:
(@i;kf)2 = (@i@kf)2:
Re is the analogous of the usual Reynolds number for the compressible self-gravitating flow. We see now that in
absence of a characteristic density in the system the flow is scale covariant. This can be proven as follows. Assume
that f(x; );  (x; )g is a solution of eqs.(2.7)-(2.8). We then dene the scale-transformed elds as
(x; ) = (x; ) + ln2 ;

























where yk  xk and ~   , we obtain that (x; );  (x; ) is also a solution of eqs.(2.7)-(2.8) for Re = 1. The
transformation (2.10) generalizes to the time dependent case the scale transformation for (x) found in ref. [10] in
the hydrostatic case.
We nd from eqs.(2.6) and (2.10) that the velocity eld transforms as,
v(x; ) = v(x; )
Under this transformation all terms are transformed as  in eq.(2.8) and as 2 in eq.(2.7) except for the last (viscous)
term that scales as . Therefore, for  ! 1 scale invariance is recovered. This corresponds to the long wavelength
limit as one could expect.
When the flow is a fluctuation, for example, around an isothermal sphere with a characteristic central density, the
scale invariance is broken. However, we will realize that scale invariance is recovered asymptotically at large distances
in that case.
III. THE DYNAMICAL STABILITY OF ISOTHERMAL SPHERES
We study in this section the evolution of time dependent fluctuations around an isothermal sphere. We linearize
the fluid equations (2.7)- (2.8) around such exact static solutions and apply Laplace transform to solve them.
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A. Linearization
Equation (2.7) and (2.8) have well-known static spherically symmetric solutions: the isothemal spheres. These are








+ e0 = 0 ; (3.1)
 0 = 0 ; (3.2)
where x is the dimensionless radius r. These solutions are studied in [5]. Their thermodynamical stability has
been extensively studied, leading to the discovery of the gravo-thermal instability ( [2], [3] and [4]). Our aim is to
investigate the dynamical instability of these states and compare with the thermodynamical results [12]. To achieve
the stability analysis we introduce fluctuations around the isothermal spheres:
tot = 0 +  (x; ) (3.3)
 tot =   (x; ) (3.4)
where  is a small parameter.
We can then write the linearized system where only rst order contributions in  are kept:
@r2 (x; ) = −r2(x; )− e0(x) (x; ) + 1
Re
r  [e−0(x) r(r2 (x; ))] ; (3.5)
@(x; ) +r2 (x; ) +r0(x)  r (x; ) = 0 : (3.6)
Expanding  (x; ) and (x; ) in spherical harmonics leads to a set of pairs of ordinary dierential equations (ODE).
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Then, the radial parts of the expansions yield decoupled ODE labelled by l :
r2@ l(x; ) + [r2 + e0 ]l(x; ) − 1
Re

e−0 r2r2 + @x(e−0) @xr2

 l(x; ) = 0 ;
@l(x; ) + [r2 + (@x0) @x] l(x; ) = 0 : (3.10)
Analytic solutions will be given in specic cases. We analyze below these linear equations by using Laplace trans-
formation in time, showing that this approach is the best for a stability analysis.
B. Laplace transform analysis




d e−s l(x; ) ;
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 ^l(x; s) =
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0
d e−s  l(x; ) : (3.11)
The Laplace transform of the evolution equations (3.10) takes then the form s r2 − 1R e−φ0(x) r2r2 − 1R ∂x(e−φ0(x)) ∂xr2 r2 + eφ0(x)




 r2ψl(x, τ = 0)
φl(x, τ = 0)
 (3.12)
This is a system of two linear ODE where s plays the role of a parameter. We specify boundary conditions at
a nite distance. Therefore, the spectrum of the linear dierential operator (3.12) becomes discrete. For particular
values sk of s, the determinant of the dierential operator vanishes; the eigenvector of the one-dimensional kernel is
then an eigenmode of the system associated to the pulsation sk.




ds es ^l(x; s) ;
 l(x; ) =
Z
Γ
ds es  ^l(x; s) : (3.13)
where the contour Γ runs upwards parallel and to the right of the imaginary s axis. Closing the contour and computing
the integral in eqs.(3.13) by residua we get for the elds a sum of terms associated to the poles of the integrand. That
is, to the zeroes of the determinant of eq.(3.12). These terms depend on time through esk  . If sk has a positive real
part the mode is unstable, growing exponentially with time.
The method for analyzing the stability of the system is now clear: we determine the zeroes of the determinant of
our operator (3.12) as a function of s for various values of l and various boundary conditions, and we look for zeroes
in the Re(s)> 0 half-plane of the complex s-plane.
C. Boundary conditions specifications
Dierent physical conditions justify dierent boundary conditions. In order to be able to compare our results with
the thermodynamical approach we will choose conditions associated to the canonical ensemble formalism. We will
conne our system in a spherical box of radius X . Within this box, we impose zero total mass for the perturbation of
the density eld, but a fluctuating energy. Along with regularity conditions, this leads to the following four constraints:Z X
0
(x; ) e0 x2 dx = 0 ; @x(x; )jx=0 = 0 ;
@x (x; )jx=X = 0 ;  (X; ) = 0 : (3.14)
IV. THE NON-VISCOUS ISOTHERMAL SPHERES
A. Analytical study





This solution has an innite total mass and produces innite pressure at the center. To avoid this divergence we
introduce a short distance cuto . The spherical box provides the long distance cuto. The advantage of such










fs(x) = 0 ; (4.2)
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where fs(x) = r 0(x; s) is the dimensionless radial velocity of the l = 0 mode. In dimensionful variables, the radial
velocity fluctuations for l = 0 are:
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−i!t pkr B01 dJdr (kr) +B02 dJ−dr (kr)

: (4.4)
The boundary conditions yield a system of four equations for the constants B1, B2, B01 and B
0
2. Non-zero solutions
are possible when the determinant of this system is zero, which happens for specic values of k yielding a discrete
spectrum for the modes. We have checked that the general method that we will describe in section IVB yields
numerically the same results as eqs.(4.3)-(4.4). In both methods we need to adapt the boundary conditions to this
singular case. We introduce the short distance cuto :Z X








= 0 ;  ^l(X; s) = 0 : (4.5)
The rst condition is actually stronger than eq.(3.14) which implies this condition only for l = 0. However, we
generalize the constraint for l 6= 0, this prevents a center of mass displacement.
B. Stability of the singular sphere
The general numerical method (which we will also use in the case of the regular isothermal sphere), consists in
replacing the derivatives by nite dierences turning eq.(3.12) and the boundary conditions into a N  N(N  1)
linear system. Non-zero solutions are found when the determinant of the system is zero. This happens for discrete
values of the parameter s. If one of these eigenvalues s has a positive real part, then the associated mode grows
with time and the system is unstable. It is known from thermodynamical studies that for a given central density,
the stability depends on the size of the sphere. Thus, we will investigate for the zeroes of the determinant in a
three-dimensional domain (s;X) 2 C R. The zeroes are shown on g.1 for l = 0.
The rst point is that there is a symmetry around the Re(s)= 0 axis; we have a set of coupled modes with opposite
pulsations. Then, we veried that the pulsations of the spectrum of modes have purely imaginary values for X smaller
than a critical value Xc1 . This range of X values in mostly outside the domain pictured on g.1 since behaviour of the
system is simple there (however ln(Xc1 + 1)  2:4 is visible on the gures). In this regime the modes are oscillating
stationary modes and the system is stable. As X increases above Xc1 , the size of the system grows and a rst mode
encounters a branching point and develops a real positive pulsation. This means that the mode grows exponentially
and the system becomes unstable. Then, for successive critical values Xci ; i = 1; 2; : : : corresponding to larger and
larger sizes of the system, new modes become unstable. It is interesting to mention that the critical values appear
when the rate of the larger and lower cutos is Xcn=  10:7n. This geometric progression has been found in the
thermodynamical study in ref. [11].
Non-radial perturbations have been investigated (l 6= 0). These perturbations are always stable and oscillating.
The case l = 1 could show a pseudo-instability associated with an overall translation of the system, but such mode is
excluded by our choice of boundary conditions.
C. Stability of the regular isothermal spheres
Regular solutions of eq.(3.1) have been widely studied in spite of the fact that they do not have an analytical
expression. In this case it is not necessary to introduce a short distance cuto in the study of the fluctuations since
the background solution is regular at the origin. We keep considering the solution in a large but nite sphere of radius
X . Thus we will use the same boundary conditions as in the singular case, taking  = 0.
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FIG. 1. Spectrum of the modes around the singular isothermal sphere. The real and imaginary parts of the pulsations of the
modes are plotted in the 3d-view for a range of values of the size X. All scales are logarithmic ( ln(1 + x) actually). Views
from the right and from above are also plotted.
We again apply the general numerical method described above. We compute the spectrum of pulsations of the
modes for varying values of the size X of the sphere (see g.2).
The rst point is that the behaviour is very similar to the singular case. The interpretation of g.2 is the same as
that of g.1. This means that the singular isothermal sphere with short distance cuto is a good analytical analogue
of the regular isothermal sphere. The only dierence in the behaviour of the fluctuations is in the specic values of the
Xci . In the regular case, the instability appears at a smaller size (Xc1  9:) than in the singular case (Xc1  10:7).
The value in the singular case is given for  = 1 since the actual parameter is the ratio X . As expected, the value
Xc1  9:0 corresponds to a ratio of 32:1 between the central and border densities of the background. This critical
ratio is the same as in the study of the thermodynamical stability in the canonical ensemble [4]. Finally the numerical
study suggests that the ratio 10:7 between two succesive Xci is asymptotically obtained at large X in the regular
case, as it must be.
D. Profile of the instable modes
Having established that the dynamical instability appears for the same center-to-border density contrast as in
the thermodynamical instability, we now check if the prole of the rst instable mode matches the prole of the
thermodynamical instability, and we investigate the prole of other instable modes.
Those proles are given, when we use the nite dierences method, by the coordinates of the vector of the one-
dimensional kernel of our operator. For a given size, we are thus able to determine the prole of each mode associated
with a zero of the determinant for specic values of s. On g. 3 the proles are given for the rst and second
instabilities for sizes just above their critical sizes. As can be seen, the rst instability is a spherical collapse forming
a dense core. Its density prole is similar to the prole of the thermodynamical instability [6]. The second instability
combines a core collapse and the ejection of a shell.
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FIG. 2. Spectrum of the modes around the regular isothermal spheres. Explanations are the same as in Fig 1.
V. EFFECT OF VISCOSITY ON THE DYNAMICS AND STABILITY CRITERIA
It is now interesting to establish how viscosity alters the dynamics of the fluctuations. We rst proceed to an
analytic study of the fluctuations and then perform a thorough numerical analysis.
A. Analytical study
Here we will study the fluctuations around the singular isothermal sphere with a non-zero viscosity. We consider
only radial perturbations since it simplies the equations and contains the essential information about stability. Using
the variables:
y = s x ; f(y) = r (sx); (5.1)




















f = 0 : (5.2)
It is interesting to notice that all the dependence on the parameters is through the combination sRe. The asymptotic
behaviour of the solutions at large distance is:




For positive s, that is, solutions growing exponentially with time, the solution with the upper sign grows at large
radii while the other solution decays. For negative s, both solutions decay. The interval 0 > sRe > −1=8 is the
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FIG. 3. Radial proles of the rst two instabilities, at sizes just above their emergence, plotted for arbitrary amplitudes.
only range giving strictly decaying behaviours at large radii. In the other cases (sRe < −1=8 or s complex) we
have spatially oscillating and decaying behaviours. It is easy to check that at small distances one recovers the zero-
viscosity solutions. This, of course, does not take the boundary conditions into account. We provide in the next
section quantitative results from numerical calculations.
B. Numerical study
The introduction of the viscosity, although formally cumbersome, ts with no particular diculty in the nite
dierence scheme. The spectrum of modes for a continuous range of the larger cuto X can be computed for dierent
values of the Reynolds number. These results are shown on g.4 and g.5. We show in g.6 the evolution of the
spectrum at xed sizes, for a continuous range of values of the Reynolds number.
Obviously, the diagrams are more complex in the viscous case than in the ideal case, especially as we go to Reynolds
numbers close to one. Reynolds numbers as small as 0.1 have been investigated but are not plotted since they show no
specicity and are unlikely values for a self-gravitating gas. We have three main kind of modes: oscillating-decaying
modes, decaying modes, and growing modes. However, all the values of the critical sizes associated with the onset of
instabilities are independent of the Reynolds number. This can be guessed on g.5, and checked on g 6 for Xc1 .
The stability of the isothermal sphere does not depend on the viscosity. Besides, gs.4 and 5 clearly show that the
mode associated with the rst instability is much less aected by the viscosity than the others.
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FIG. 4. Spectrum of viscous modes around the singular isothermal sphere. The real and imaginary parts of the pulsations
of the modes are plotted in 3d-views for a range of values of the size X, and four values of the Reynolds number. All scales are
logarithmic.
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FIG. 5. Upper views of g. 4. The real parts of the pulsations of the modes appear as functions of the size X. Positive real
parts appear for the same values of X (ln(1 +X)  2.4), independently of the Reynolds number.
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FIG. 6. The real parts of the pulsations of the modes are plotted as functions of the logarithm of the Reynolds numbers for
zed size: 10.5 on the left and 11.6 on the right.
The real parts of the modes are plotted on g.6 as functions of the Reynolds number with logarithmic scales, for
two dierent sizes: 10.5 and 11.6 . In the rst diagram all modes are stable independently of the Reynolds number
and in the second there is exactly one unstable mode for all values of the Reynolds number. This is a conrmation
that the dynamical stability criterion depends only on the size of the system and not on the value of the Reynolds
number.
VI. SOLITON-TYPE SOLUTIONS IN THE SELF-GRAVITATING GAS
The appearance of solitons in an isothermal self-gravitating gas has been studied in one spatial dimension in ref.
[13]. In this case, the system could be reduced to a sine-Gordon equation. Here we will study the case of axisymmetric
soliton-type solutions in 3 + 1 dimensions.
A. Soliton-type equations
We will consider z-independent solutions to the evolution equations (2.7)-(2.9) without viscosity (Re = 1). It is









where r0(t) is a time dependent characteristic length. The simplest non-trivial choice for r0(t) is a linear dependence
on time. Using the characteristic parameters of the system this leads the soliton variable:
y =
 r
1  cs t =
x
1  : (6.2)
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which can be immeadiately integrated as
f(y) h(y) y = C : (6.4)
The symbol  in front of C is introduced for later convenience. Each possibility is associated with one of the choices
for the soliton variable. C going to zero means that the density goes to zero. Inserting eqs.(6.3) and (6.4) in the Euler









= C : (6.5)
It is possible to derive some analytical solutions to this equation.
B. Analytical solutions
The simplest solution to eq.(6.5) is h(y) = pC. In terms of physical elds this produces non-trivial solutions:



















These two solutions are laments, one expanding and the other collapsing in a nite time. This solution is invariant
under the following scale transformations
C −!  C ; cs −! cs

;  −!   : (6.7)
Hence, in the calculation of the fluctuations [sec. VI C], we can set for example
p
C = 1.
Guided by numerical integration (see g. 7), another type of solution can be found for low densities. It is possible
to build a perturbative solution of eq.(6.5) around the exact solution C = 0; h(y) = y. Since the system is ill-dened
at C = 0, we will consider C  1 and we will develop h(y) perturbatively in C.
h(y) = y 1 + C h1(y) +O(C2)  : (6.8)
Then h1(y) obeys the simple equation:




which has the general solution,
h1(y) =
1pjy2 − 1j








We see that in general h1(y) is singular at y = 1, that is, on the wavefront x = j1   j. Regular solutions can be
obtained by appropriate choices of A and B. We plot in g.(7) a regular solution h1(y) for B = 1.
We obtain from eqs.(6.8) and (6.10) the physical elds:







It is important to notice that this perturbative development fails at short distances (y ! 0) where the density is not
small anymore.
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C. Fluctuations around a soliton-like solution
We intend to assess the stability of the solution (6.6). By stability we mean that the growth of the fluctuations
should be slower than the growth of the background.
We compute here the explicit form of the radial fluctuations around the soliton-like solution described by eq.(6.6).
The collapsing lament case is studied. We dene the two independent variables:
y =
x
1−  ; z = 1−  : (6.12)
We consider the perturbative expansion






− cs  g(y; z) : (6.13)



































= 0 : (6.15)
These equations are homogeneous in z so their solutions can be written as a sum of solutions of the type:
f(y; z) = f(y) z ; g(y; z) = g(y) z ;  2 C : (6.16)
Inserting these expressions in eqs.(6.14) and (6.15) and eliminating g, gives an equation for f :
x(C − 1) f 000 +
h








C + ( + 1)x
i
f 0 + 2(+ 1) f = 0 : (6.17)
This equation can be integrated in the general case. However, according to the transformation (6.7) we can choose
the case
p
C = 1. In this case the solutions take the following form:
FIG. 7. On the left solutions to eq.(6.5) are plotted for various initial conditions. On the right the function h1 is plotted for
B = 1.
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f(y) = B1  (1; 1; y) +B2 yγ  (2; 2; y) : (6.18)
where,













; γ = −1− 1
2+ 1
: (6.20)
Here (; ; y) stands for the confluent hypergeometric function. It is regular at y = 0 and grows exponentially for








According to (6.16), it diverges when the time  reaches 1.
Another degenerate case is  = −1,










Interestingly, Re() 2 [−1;− 12 ] are the only values of  where the fluctuations are regular at y = 0. But again the
fluctuations diverge for  ! 1.
Since the fluctuations are ill-behaved for y !1 and often at y = 0, we resort to the same method as in the singular
isothermal sphere. We dene a large distance cuto X and a small distance cuto  for y and we set the fluctuation
to zero on these walls. It should be noted that these walls move with the soliton, and that they cannot be considered
as physical since the constant component of the background velocity eld flows through the walls. However, those
cutos allow us to search for fluctuations as eigenmodes in the same way we did for isothermal spheres. These modes
appear for special values of  dened here again by the cancellation of a determinant:
(1; 1; )Xγ(2; 2; X)− (1; 1; X)γ(2; 2; ) = 0 (6.23)
These cancellations must be investigated in the complex plane for  and for various values of X . The results appear
on g. 8. The main result is that modes with Re() < 0 exist for all values of X investigated. These modes have a
faster growth than the background. Besides, X  4:5 is a special value for the radial size of the system. Below this
value all the unstable modes have the following time behaviour
(1− )1 cos[2 ln(1− ) + ]
that is, growing oscillations. Above this value X  4:5 two modes appear that have a pure power law behaviour on
time. These modes have larger exponents than the others, that is to say they grow faster. Moreover, just above this
critical value, the exponent in the power law seems to go to −1, which indicates a strong instability.
We must keep in mind the fact that this is a partial analysis. Indeed our fluctuations are invariant along the z
symmetry axis. This means that they have an innite mass. If the size of the system along the z symmetry axis
were bounded and fluctuations with r and z dependance computed, a stable region would certainly appear for small
enough sizes. We believe that the value X
  4:5 is actually connected to the onset of a radial instability, while below
this value the growth of the modes is due to the axial innite size of the fluctuations.
VII. CONCLUSIONS
In the rst part of this work we have described a general method to study the dynamical stability of stationary
congurations of self-gravitating fluids and applied it to the isothermal spheres. The interest of this method is that
it can be applied to any stationary eld. Moreover, it is perfectly able to handle viscosity. We have applied this
dynamical stability analysis to a stationnary solution, the isothermal sphere. In this case we have found a series of
sizes (Xcn  10:7n) associated with the appearance of instable modes. The size associated to the rst instable mode
matches the critical size found in the thermodynamical theory. Moreover we have shown that the value of these sizes
are independent of the Reynolds number.
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FIG. 8. Spectrum of modes around solution 6.6 for a continuous range of values of R
δ




In the second part we studied exact dynamical solutions. We have presented elements of a soliton theory for a
self-gravitating perfect isothermal fluid with axial symmetry. This method provides new dynamical exact solutions.
We have analyzed the stability of one of these solutions, a collapsing lament, with a method similar to the method
used for the isothermal sphere. Here again we have found that a critical radial size appears to dene two regimes.
Above this size the system is unstable. Below, it is weakly unstable and may in fact be stable if the axial size of the
system were bounded.
These two studies are complementary descriptions of the dynamics of the self-gravitating fluid. One description deals
with a stationary background and the other with a dynamical one. Although the rst obeys a spherical symmetry
and the second obeys an axial symmetry, they are closely connected by their structure. Indeed, the density eld






, function of the soliton-like variable alone. In the stationary case, the instability appears when a mode
is growing; in the dynamical case it appears when a modes is growing faster (or decaying slower) than the evolving
background solution. In this respect, the stability of the solution is ruled in both cases by Jeans-like instabilities
whose emergence depends only on the size of the system. We showed that the existence of a critical size does not only
apply to stationary solutions but to dynamical solutions as well.
Finally, we would like to add that it is probably possible to give a more general formulation of the soliton-type
equations of the system, like that given in ref. [13] in the one dimensional-case. For example, the choice of the soliton
variable in our work, eq.(6.2), is probably a particular case of a more general change in the variables. In any case,
the soliton methods provide a powerful approach to self-gravitating fluid dynamics which certainly deserves more
attention.
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